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ABSTRACT 
A necessary and sufficient condition derived by Huang and Cline for a nonsingu- 
lar Toeplitz matrix to have a Toeplitz inverse is shown to hold under more general 
hypotheses than indicated by them. 
1. INTRODUCTION 
Huang and Cline [3] have examined the conditions under which a given 
nonsingular matrix has a Toeplitz inverse, and also the special conditions for a 
nonsingular Toeplitz matrix to have a Toeplitz inverse. The former result has 
proved to be a very useful tool in the study of Toeplitz and quasi-Toeplitz 
matrices (see, for example, [l, 21). In the latter connection, it may be worth 
pointing out that the hypotheses imposed by these authors are unnecessarily 
restrictive. They consider a matrix H = (hii)!, i=0 partitioned in the form 
H= h,o fT 
[ 1 g M’ (14 
and they assume, in effect, that h, * 0, M is nonsingular, and f and g are 
nonzero vectors. None of these hypotheses is necessary for the main conclu- 
sions reached. (Theorem 2 of [3] is stated in a complicated way, and one 
minor conclusion does indeed depend on the nonsingularity of M.) The only 
necessary hypotheses are that H be nonsingular and Toeplitz. 
Let J denote the unit matrix with the order of the columns reversed. Thus, 
premultiplication by J reverses the order of the rows of a matrix or the 
elements of a column vector. Here we shall prove the following extension of 
Theorem 2 of [3]. Note that the restrictions on h,, M, f, and g have been 
dropped. 
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THEOREM. A non.singular Toeplitz matrix H of the form (1.1) has a 
Toeplitx inverse if and only if the two-column matrix S = [g If] has rank 0 
or 1. 
2. PRELIMINARIES 
We recall that every Toeplitz matrix is persymmetric (i.e., symmetric 
about the secondary diagonal). Note also that a square matrix K is persym- 
metric if and only if JK is symmetric, or, alternatively, if and only if KJ is 
symmetric. It follows that the inverse of a nonsingular persymmetric matrix is 
persymmetric. 
The following three lemmas due to Huang and Cline [3] are given here for 
convenience of reference. Lemmas 2 and 3 are stated in slightly more general 
form than in [3]. It has already been noted in [2] that nonsingularity of M in 
Lemma 2 is unnecessary. Similarly, there is no need to exclude zero vectors f 
and/or g in Lemma 3. 
LEMMA 1 (Huang and C&e). A square matrix is Toeplitz if and only if 
both the entire matrix and the submutrix obtained by deleting the first row 
and the first column are persymmetric. 
LEMMA 2 (Huang and Chne). A persymmetric matrix H partitioned as in 
(1.1) with h, * 0 has a Toeplitz inverse if and only if 
is persymm&ic. 
P=M-h&&f* 
LEMMA 3 (Huang and Cline). A square matrix of the foTm yx*, where x 
and y are column vectors, is persymm&ric if and only if S = [ y Ix] bus rank 0 
or 1. 
3. PROOF OF THE THEOREM 
With the nonsingular Toeplitz matrix H partitioned as in (l.l), let H- ’ be 
partitioned in the analogous form 
H-l= b UT . I 1 v iv (3.1) 
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Since H is Toeplitz and therefore persymmetric, H-' is persymmetric. Hence, 
by Lemma 1, H-' is Toeplitz if and only if N is per-symmetric. It will be 
sufficient, therefore, to show that N is persymmetric if and only if gfr is 
persymmetric, since the proof will then be completed merely by invoking 
Lemma 3. 
From (l.l), (3.1), and HH-l = H-’ H = I, we obtain the relations 
&)g+Mu=O, t,fr+uTM=O, (3.2) 
hootoo + u’g = 1, guT+ MN=Z, (3.3) 
hoot@) + fTu = 1, h,uT+ f TN=O. (3.4) 
Since too= (MJ/IHI,th ere are two possible cases: either M is nonsingular and 
too * 0, or M is singular and too = 0. 
In the first case where too * 0, we apply Lemma 2 to H-' (rather than H). 
Since H- ' is known to have a Toeplitz inverse, it follows from Lemma 2 that 
P’ = N - t&‘vuT, 
the counterpart of P in this situation, is persymmetric. Therefore N is 
persymmetric if and only if ouT is persymmetric. We shall complete the proof 
for this case by showing that uuT is persymmetric if and only if gfT is 
persymmetric. From relations (3.2) we have 
Mu= -t*g, uTM= - toofT, (3.5) 
and therefore MvuTM=t&gfT, or 
(lM)(uuTJ)(JM) = @gfT. (3.6) 
Since H is Toeplitz, M is Toeplitz and therefore persymmetric. Since M is also 
nonsingular, JM is symmetric and nonsingular. It follows from (3.6) that ouTJ 
is symmetric if and only if Jgf’ is symmetric. In other words, vuT is 
persymmetric if and only if gfT is per-symmetric, as was to be shown. 
The second case, in which M is singular and too = 0, remains to be dealt 
with. By the first relation (3.3), u’g = 1 and therefore guT is idempotent and 
of rank 1. Let H be of order n + 1. Then it follows from the second relation 
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(3.3) that MN is idempotent and of rank n - 1. Therefore M is of rank at least 
n - 1. Since it is of order n and singular, its rank must be exactly n - 1. From 
relations (3.5) we obtain 
JMv = 0, (u*./)(N) = 0. 
Since JM is symmetric and of rank one less than its order, v and urJ, if both 
are nonzero vectors, must be transposes of each other, except for a constant 
multiplier. Null vectors u and v are not excluded, but the situation is neatly 
summarized by the statement that [v Ju] is of rank 0 or 1. By Lemma 3, this 
implies that vu* is persymmetric. 
With too = 0 relations (3.4) give 
f%=l, f *N = - hOOuT. 
Now define 
Q=M-gf*, R=N+(h,-l)vu*. 
By means of (3.7), Mu = 0 from (3.5), and the second relation (3.3), it is easily 
verified that QR = 1. Since VU* is persymmetric, N is persymmetric if and 
only if R is persymmetric, which is true if and only if Q = R - ’ is persymmet- 
ric, which is the case if and only if gfr is persymmetric, as required. 
4. CONSTANTS OF PROPORTIONALITY 
If H and H- ’ are both Toephtz and S is of rank 1, at least one of the 
vectors f and g is nonzero. Let us consider the case of g * 0. (Adaptation to 
the case g = 0 and f * 0 is easily made.) Huang and Cline point out that 
rank S = 1 then implies f = k_lg for some constant k. We now wish to show 
that v * 0. Suppose that v = 0. Then the first relations (3.4) and (3.2) give 
h,,&, = 1, toog = 0. 
Here the first relation implies too * 0, and the second then involves a 
contradiction, since g f 0. 
Therefore, interchanging the roles of H and H-’ gives u = k’Jv for some 
constant k’. Huang and CIine showed that under their hypotheses k’ = k. We 
shall show that this is true more generally. Substitution of f = kJg and 
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(4.1) 
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relation (3.2) gives 
ktoogTJ + k’vTJM = 0. 
The first relation (3.2) gives toog = - Mu, and substitution in (4.1) yields 
- kvTMTJ + k’v’JM = 0. 
Since JM is symmetric, this reduces to 
( - k + k’)vTJM = 0. 
When M is nonsingular (and too * 0), this implies k’ = k. 
When too = 0, the first relations (3.3) and (3.4) yield urg = f Tv = 1, and 
substitution of f = kJg and u = k’Jv gives k’v’Jg = kgTJv = 1, which again 
implies k’ = k. 
This result shows that when the inverse of a given Toeplitz matrix is 
known to be Toeplitz, the inverse is completely determined by the elements 
of either the first row or the first column. (If only one of the vectors u and v is 
nonzero, the nonzero one must be chosen.) 
5. NUMERICAL EXAMPLES 
The following two examples illustrate cases excluded by the hypotheses of 
Theorem 2 of [3]. In Example 1, h, = 0. In Example 2, h, = 0 and also M is 
singular. 
EXAMPLE 1. 
0 2 1 
H=3 0 2, 
[ 1 6 3 0 
EXAMPLE 2. 
3 41 
0 3 4 
-9 0 3 
-36 -9 0 
-6 3 4 
‘29 ,; _; . 1 
0 3-4 1 
-9 0 3 -4 
36 -9 0 3 
- 27 36 9 - 0 
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